The transverse vibrations of a flexible connecting rod in an otherwise rigid slider-crank mechanism are considered. An analytical approach using the method of multiple scales is adopted and particular emphasis is placed on nonlinear effects which arise from finite deformations. Several nonlinear resonances and instabilities are investigated, and the influences of important system parameters on these resonances are examined in detail.
Introduction
High operating speeds, superior reliability and accurate performance are major characteristics of modern industrial machinery and commercial equipment. The traditional rigid body analysis which presumes low operating speeds becomes insufficient for describing the performance of such high speed machinery. A thorough understanding of the dynamic behavior of machine elements undergoing high speed operations is necessary in these situations. It is the purpose of this investigation to present an analytical approach for describing the dynamic response of an elastic mechanism element and provide a theoretical explanation for some of the dynamic phenomena observed in both numerical and experimental works [1] [2] [3] [4] . One of the simplest and most common mechanisms, the slider-crank mechanism, is selected to demonstrate this approach.
In this investigation, the vibration associated with a flexible connecting rod of an otherwise rigid, in-line, planar crank mechanism is considered. This problem is equivalent to determining the flexural response of a simply supported beam which is subjected to: (1) support motion which arises from the motion of the crank shaft and the mechanism kinematic constraints, (2) an axial load arising from the friction force applied to the slider end and the inertial force of the slider mass, and (3) concentrated frictional moments which exist due to the presence of bearing friction.
Similar systems have been investigated by several authors. A brief survey of past work is provided below, more complete information is found in the review articles [5, 6, 7, 8] .
Neubauer et al. [9] examined the transverse deflection of an elastic connecting rod of a slider-crank mechanism by neglecting the longitudinal deformation, the Coriolis, relative tangential, and relative normal components of acceleration. By using the method of averaging and assuming a small length ratio, Jasinski et al. [10, 11] investigated the dynamic stability of a flexible connecting rod in a slider-crank mechanism. Viscomi and Ayre [4] examined the nonlinear bending response of the connecting rod. Chu and Pan [1] carried out a similar study by making use of the Kantorovich method and the method of weighted residuals. Their results show that the 574 S.-R. HSIEH AND S. W. SHAW effect of small viscous damping on longitudinal vibration is small and can be neglected. Moreover, a sudden increase in the amplitude of the steady state response for a small increase of the operating frequency, i.e., the jump phenomenon, was also observed. By applying a regular perturbation method to Euler-Bernoulli and Timoshenko beam models, Badlani and Kleinhenz [12] considered the dynamic stability of the undamped elastic connecting rod of an in-line slider-crank, and compared the results from each approach. Tadjbakhsh [13] introduced a general method for obtaining a single partial differential equation describing the transverse vibration of an undamped elastic link of a mechanism which contains evolutes only, using a two-parameter perturbation approach. Zhu and Chen [14] studied the stability of the response of the connecting rod by using a regular perturbation technique. Badlani and Midha [15] studied the effect of internal material damping on the dynamic response of a slider-crank mechanism by using a regular perturbation method. Both steady-state and transient solutions were determined and compared to results obtained from the undamped connecting rod. Farhang and Midha [16] have carried out a detailed study of the parameter regions in which parametric instabilities can occur in this system, and have included several modes in this study. Beale and Lee [17] have studied the motion of the flexible connecting rod of a slider-crank mechanism with a direct variational approach.
In addition of the analytical and computational works described above, some experimental work had been carried out. Golebiewski and Sadler [2] determined the bending stress at the midpoint of the elastic connecting rod analytically and experimentally for a model derived by a lumped parameter approach using d'Alembert's principle and Euler-Bernoulli beam theory. Beale et al. have recently carried out an experimental study of a system very similar to the one considered herein, and found responses consistent with their analysis [19] and the present work. Sutherland [3] studied a fully elastic, planar four-bar mechanism analytically and experimentally.
All previous stability investigations considered a nonhomogeneous Mathieu equation to describe the stability of transverse vibration, and only linear stability analyses were provided. The existence of superharmonic, subharmonic and combination resonances have been observed both in simulations and experiments [1] [2] [3] [4] 18] . The present investigation is aimed at providing a picture of the overall nonlinear response, with a particular focus on the superharmonic and subharmonic resonances, and their associated stability.
In the course of this study, extensive use was made of the computer assisted symbolic manipulation program Mathematica TM. This was essential in the lengthy calculations involved in the perturbation procedures. In a companion paper [20] , the authors provide a detailed investigation of a discrete parameter model which is obtained from the continuous parameter model investigated here, including extensive simulation results. This paper is organized as follows. Section 2 contains the basic assumptions and the derivation of the partial differential equations and boundary conditions used to describe the system. Section 3 provides the analysis of the equations of motion by using the method of multiple scales (MMS). Section 4 distills the results from Section 3 into a discussion of the effects of several dimensionless parameters on the system response. The paper is closed with some conclusions in Section 5.
Mathematical Modeling
In this section, equations describing the rotary, axial and transverse dynamic responses associated with a flexible connecting rod of an otherwise rigid slider crank mechanism are derived. The basic
